Locally noncommutative spacetimes provide a refined notion of noncommutative spacetimes where the noncommutativity is present only for small distances. Here we discuss a nonperturbative approach based on Rieffel's strict deformation quantization. To this end, we extend the usual C * -algebraic results to a pro-C Let (M, ∇) be a manifold with a torsion-free connection, e.g. a (pseudo-)Riemannian manifold (M, g) with the Levi-Civita connection. We choose an open neighbourhood U ⊆ T M of the zero section together with an open neighbourhood V ⊆ M × M of the diagonal such that the map
Introduction
In the last years, models for spacetime at small distances using noncommutative geometric structures in the sense of Connes [3] have received increasing attention, though the ideas of making spacetime noncommutative can be traced back in history quite far, see e.g. [1, [4] [5] [6] [7] 13] for some recent works. However, most of these models have severe difficulties, both from the technical but also from the conceptual point of view: in particular, the noncommutative Minkowski spacetime with a constant Poisson structure θ and hence the usual Weyl-Moyal star product is certainly not 'geometric' at all but refers to a very particular symmetry, namely of a flat spacetime. Moreover, the fact that θ is constant leads to global effects which should allow to observe the noncommutativity already at macroscopic distances. The famous UV/IR mixing can be seen as an indication for this. In some sense, this has to be expected to be a generic effect as long as the support of θ coincides with the whole spacetime.
In [2] a slightly different approach to locally noncommutative spacetimes was established by taking seriously the wish that noncommutativity should only be visible at small distances. This naturally leads to a framework where not the spacetime M but M × M is equipped with a star product⋆ as one needs two points in order to speak of 'distance'. Then,⋆ is chosen such that it is only non-trivial close to the diagonal ∆ M ⊆ M × M . We shall briefly recall the basic constructions and refer to [2] for the physical motivation and the interpretation of the model. context of noncommutative spacetimes. In particular, the class of Poisson structures we consider does not seem to be accessible by other techniques than Rieffel's quantization like e.g. deforming by using generators and relations: in the geometric framework we intend to work in there are no reasonable generators and relations neither for the Poisson algebra nor for the deformation. Finally, the extension to the pro-C * -algebraic world encodes in an appropriate way the non-compactness of the tangent bundle. It seems to be an interesting generalization of Rieffel's original work [12] , independently of our application to locally noncommutative spacetimes.
The letter is organized as follows: in Section 2 we show that there is a large class of vertical Poisson structures meeting all the properties needed for Rieffel's quantization. Further, we show in the following section how to apply Rieffel's construction of strict deformation quantization [12] to the C * -algebra of bounded continuous functions C 0 b (N ) on a manifold N and to the pro-C * -algebra of continuous functions C 0 (N ). The latter for the particular case of an action which is trivial outside a compact subset. In Section 4 we use the deformed function algebras to construct a locally noncommutative spacetime. For the convenience of the reader the appendix gives a short survey on Rieffel's strict deformation quantization and its extension to pro-C * -algebras.
Vertical Poisson Structures from Actions of Ê 2d
In this section we shall construct vertical Poisson structures on a real vector bundle π : E −→ M of fibre dimension n arising from a particular action of Ê 2d for sufficiently large d. Recall that a k-
is a section then the vertical lift s ver ∈ Γ ∞ (Ver(T E)) is defined by s ver (e) = d d t t=0 (e + ts(π(e))). We extend the vertical lift to arbitrary sections of tensor powers of E.
We start with the following technical lemma on a particular diffeomorphism Ψ : B 1 (0) −→ Ê n , the use of which was suggested to us by Alan Weinstein [15] . Lemma 2.1 There exists a diffeomorphism Ψ : B 1 (0) −→ Ê n with the following properties:
ii.) Ψ * ∂ ∂x i = X i extends from B 1 (0) to a smooth vector field on Ê n by setting X i equal to 0 outside of B 1 (0) for i = 1, . . . , n.
iii.) Ψ is O(n)-equivariant with respect to the canonical action of O(n) on B 1 (0) and Ê n .
where χ is a suitable cut-off function such that χ(t) = 1 for t ≤ 1 2 and χ(t) = 0 for t ≥ 3 4 and such that ψ is a diffeomorphism.
Obviously, χ can be arranged in such a way. Then Ψ :
will fulfill the assertions, where |x| denotes the Euklidian norm of x.
Now consider an arbitrary positive definite fibre metric h on E and denote by B h 1 (0) ⊆ E the bundle of open balls of radius 1 with respect to h. Lemma 2.2 Let e i ∈ Γ ∞ (E) with i ∈ I be a collection of sections of E. Then there exist vector fields X i ∈ Γ ∞ (T E) on E with the following properties:
iii.) X i coincides with the vertical lift e ver
Proof: First note that the vertical lifts e ver i ∈ Γ ∞ (Ver(T E)) of sections e i ∈ Γ ∞ (E) satisfy [e ver i , e ver j ] = 0 for all i, j ∈ I. Moreover, e ver i is constant in fibre directions. As we have chosen a metric h we can define the diffeomorphism Ψ from Lemma 2.1 fibrewise with respect to h. This is well-defined thanks to the O(n)-equivariance. Then X i = Ψ * e ver i has the desired properties. Now we can prove the existence of 'many' vertical Poisson structures with compact support in fibre directions:
an open neighbourhood of the zero section of E. Then there exist 2d vector fields X 1 , . . . , X d , Y 1 , . . . , Y d ∈ Γ ∞ (T E) and an open neighbourhood U ⊆ U of the zero section such that:
Poisson structure such that θ coincides with the vertical lift γ ver ∈ Γ ∞ (Λ 2 Ver(T E)) onŨ.
Proof: By the Serre-Swan theorem we know that Γ ∞ (E) is a finitely generated projective module
. In other words, the sections e i and f i form a finite dual basis, see e.g. [8, Lemma 2.9] as well as [16, Proposition 4.2] . It follows that there exist globally defined functions γ ij = −γ ji ∈ C ∞ (M ) such that γ = 1 2 i,j γ ij e i ∧ e j . Note that in general d > n (unless E is trivial) and hence the {e i } are not linearly independent. Next, we choose a fibre metric h such that B h 1 (0) ⊆ U. Then Lemma 2.2 provides us with d commuting vector fields X i that coincide with e ver i on B h 1 2
(0) and sat-
Since the X i are vertical and the functions π * γ ij are constant along the fibres it follows that the vector fields X i and Y j still commute and hence θ, θ = 0. Thus they satisfy the first three requirements. Moreover, since the support of the vertical vector fields X i and Y i is compact in fibre directions, their flows are complete. Finally, settingŨ = B h 
where the X i are the (vertical) fundamental vector fields of the action and
Remark 2.5 Proposition 2.3 says that for any U there exist 'many' non-trivial vertical Poisson structures which are U-admissible.
Strict Deformation Quantization for Actions with Compact Support
In this section, we apply the strict deformation quantization indroduced in [12] to construct a noncommutative product for the C * -algebra of all bounded continuous functions C 0 b (N ) on a manifold N and the pro-C * -algebra of continuous functions C 0 (N ) on N , respectively.
We choose d vector fields X 1 , . . . , X d ∈ Γ ∞ (T N ) with the following properties:
The existence of such vector fields which are even non-trivial on K is guaranteed by a slight
Due to the properties of X 1 , . . . , X d ∈ Γ ∞ (T N ), this indeed defines an action. It can easily be seen
K and as f is uniformly continuous on K, the assertion follows immediately. Moreover, it is obviously isometric with respect to the supremum norm on C 0 b (N ). Therefore it is possible to apply Rieffel's construction in this framework: Definition 3.1 Let Θ be a linear and skew-symmetric operator on Ê d with respect to the standard inner product. The noncommutative product ⋆ :
. Since the flows of X 1 , . . . , X d are smooth, it follows that C ∞ 0 (N ) ⊆ C 0 b (N ) ∞ . Before we will use this construction of a noncommutative product of C 0 b (N ) in the next section to construct locally noncommutative spacetimes, we present some first results concerning the properties of the algebra
remains a subalgebra with respect to the deformed product.
Moreover, we have α v (χ) = χ. Therefore, due to Proposition A.1 we have χf = χ ⋆ f . The associativity of the deformed product gives (χf ) ⋆ g = (χ ⋆ f ) ⋆ g = χ ⋆ (f ⋆ g) = χ(f ⋆ g). Thus, we have the following inclusion for the support of (χf ) ⋆ g
As for each q / ∈ K, there is a cut-off function χ ∈ C ∞ (N ) with χ| K ≡ 1 and χ(q) = 0, the assertion follows.
From the proof of the last proposition one immediately sees that the functions f ∈ C 0 b (N ) ∞ whose supports have an empty intersection with K form a central * -ideal of (C 0 b (N ) ∞ , ⋆, . Θ ).
Concerning the states of (C 0 b (N ) ∞ , ⋆, . Θ ), we have no general results yet. However, the following proposition shows that in the situation, where the vector fields X i have common zeros, some states of the deformed algebra coincide with those of the undeformed algebra:
obvious from the properties of the action.
Proof:
According to the presumptions, this holds for all i = 1, . . . , d, such that α v (f )(q) = f (q). Therefore we have with [12, Corollary 1.12] :
To conclude this section, we want to emphasize that there are at least two possible variations of the construction above: 
Remark 3.6 Furthermore, we can replace the bounded continuous functions by the pro-C * -algebra C 0 (N ) of all continuous functions. Here we need the property that the supports of the vector fields X 1 , . . . , X d are compact. Indeed, the action α on C 0 (N ) is strongly continuous since on a compact subset a continuous function is uniformly continuous. Moreover, α is cofinally isometric, see Definition A.3, as for each compactum L ⊇ K we clearly have
for the sup-norm . L over L. Hence in the same way as in the case of C 0 b (N ) we obtain a deformed algebra (C 0 (N ) ∞ , ⋆), which can be made a pre-pro-C * -algebra due to the results of Appendix A. 3 . Then a straightforward verification shows that the assertions of the Propositions 3.2, 3.3, and 3.4 literally hold true for C 0 (N ) in the place of C 0 b (N ). Note that for (3.6) the condition supp X i ⊆ K is crucial.
Locally Noncommutative Spacetimes
This section will be devoted to the construction of deformed products that incorporate the idea of a locally noncommutative spacetime in the framework of (pro-) C * -algebras, using Rieffel's strict deformation quantization presented in the preceding section. We will proceed in several steps first constructing a suitable action of Ê d on T M for an arbitrary smooth manifold M that induces a deformed product on C 0 (T M ) ∞ and then using the exponential map of a connection in T M to obtain induced products on C 0 (M × M ) ∞ and C 0 (M ) ∞ . Furthermore, we will clarify the relations between the different products. Clearly, all constructions will have their equivalents for the cases C Thus we can define a noncommutative product ⋆ :
Moreover, by Rieffel's construction we also obtain noncommutative products for C 0 b (T M ) ∞ and C 0 ∞ (T M ) ∞ which we denote by ⋆, again. Finally, we get noncommutative products for C 0 (U) ∞ , C 0 b (U) ∞ , and C 0 ∞ (U) ∞ thanks to the support properties of the action α. All these products are continuous for the deformed (pro-) C * -topologies according to the Appendices A.2 and A.3.
Next we consider the map Φ :
The corresponding action of Ê d on C 0 (M × M ) obtained from these vector fields will be denoted byα. Clearly,α is again cofinally isometric. Hence this action gives rise to a deformed product ⋆ :
Analogously to the case of T M we also
which are continuous for the corresponding deformed (pro-) C * -topologies. Now, we relate the various deformed products:
which is continuous with respect to the deformed pro-C * -topologies. The same statement holds for the case C 0 b with respect to the deformed C * -topologies. Moreover, the inclusion
is a continuous * -homomorphism with respect to the deformed C * -topologies. Finally, the analogous results hold for M × M and V instead of T M and U.
Proof: This is clear from the support property of α and Proposition A.5.
There is no direct relation between the deformed algebras (C 0 (T M ) ∞ , ⋆) and C 0 (M × M ) ∞ ,⋆) but we can relate ⋆ and⋆ restricted to U and V, respectively:
continuous with respect to the deformed pro-C * -topologies. It restricts to a * -isomorphism Φ * :
, continuous with respect to the C * -topolgies. In all cases, the inverse is give by Φ * .
Proof: First note that Φ is equivariant with respect to the actions α andα whence Φ * maps smooth vectors to smooth vectors. The Proposition A.5 for the pro-C * -algebraic situation as well as Rieffel's result [12, Proposition 2.10] for the C * -algebraic case imply the remaining statements.
In order to obtain a deformed product⋆ p on the functions C 0 (M ) ∞ on M that is only noncommutative in a small neighbourhood of a given point p ∈ M we have to proceed in two steps.
First, we consider the embedding i p : T p M −→ T M of the tangent space at p ∈ M into the tangent bundle. We want to show that this map gives rise to a continuous homomorphism of the algebras (C 0 (T M ) ∞ , ⋆) and (C 0 (T p M ) ∞ , ⋆ p ) via i * p , where the latter product is obtained as follows: due to the verticality of the X i the restrictions of these vector fields to T p M define vector fields X p i = X i | TpM ∈ Γ ∞ (T (T p M )) and the restrictions of the flows of the X i give rise to diffeomorphisms of T p M which are easily seen to coincide with the flows of the X p i . Using these flows we again get a strongly continuous and cofinally isometric action α p of Ê d but now on C 0 (T p M ), which can be used to define a deformed product ⋆ p on C 0 (T p M ) ∞ by
5)
continuous with respect to the deformed pro-C * -topologies. Moreover, the analogous statement holds for the C * -algebraic cases C 0 b and C 0 ∞ .
Proof: The proof is completely analogous to that of Proposition 4.3.
Now we are prepared to turn to the second step of the construction of a product for functions on M that is only noncommutative in a small neighbourhood of p. We consider V p = exp p (U p ), where U p = U ∩ T p M , and define vector fieldsX p i ∈ Γ ∞ (T M ) on M bỹ
Due to the fact that the flows of related vector fields are also related we get that the composition of the flows of the vector fieldsX p i coincides with the conjugation of the corresponding composition of the flows of the X p i with exp p on V p and extends to an action of Ê d via the identity outside of V p .
Again we can apply Rieffel's construction to obtain a product on C 0 (M ) ∞ as well as on C 0 b (M ) ∞ and C 0 ∞ (M ) ∞ which will be denoted by⋆ p and find the following properties. ii.) The pull-back exp * p :
continuous with respect to the deformed pro-C * -topologies.
iii.) The analogous statements hold for the C * -algebraic cases C 0 b and C 0 ∞ .
Proof: The proof is completely analogous to those of Proposition 4.2 and Proposition 4.3.
Remark 4.6 Note that all the above * -homomorphisms are also continuous with respect to the Fréchet topologies of the spaces of smooth vectors. This already follows from Rieffel's construction.
Remark 4.7 With these relations we have found the (pro-) C * -algebraic and hence non-perturbative counterparts to the constructions from [2] where formal star products are used instead. In order to better understand the physical interpretation as indicated in [2] one should now investigate the state spaces for the deformed algebras as explicitly as possible. Moreover, it is interesting to have a closer look at the dependence of the deformed products on θ. Note that this goes beyond Rieffel's results on continuous fields [12, Chapter 9] as varying θ implies in particular to vary the action itself. A good understanding of this will be important for interpreting θ as a dynamical quantity in more realistic physical models. Finally, the results in [1, 5] suggest that one can now start developping quantum field theories on locally noncommutative spacetimes. One obvious conceptual question is how to interpret quantum fields on T M .
A Strict Deformation Quantization for Pro-C * -Algebras
In [12] , Rieffel constructs a convergent noncommutative product for a dense subalgebra of a given Fréchet algebra A. Further he proves, that the resulting noncommutative algebra is even a pre-C *algebra, if A is already a C * -algebra. In this appendix we want to give a short survey on Rieffel's construction. Moreover, we will show that the latter result also holds for pro-C * -algebras.
A.1 The Deformed Product
We consider a Fréchet algebra A with a strongly continuous action α of a vector space V of dimension d. Moreover, α is required to be isometric, i.e. there exists a family P of continuous seminorms defining the topology of A such that p(α v (a)) = p(a) for all p ∈ P, a ∈ A, and v ∈ V . The space of smooth vectors for the action α will be denoted by A ∞ and is defined by
exists for all γ ∈ AE d 0 ,
(A.1) where e 1 , . . . , e d form a basis of V . A ∞ carries a Fréchet topology in an obvious way. Moreover, it is dense in A with respect to the original Fréchet topology [14, Theorem A.1] . Further, let τ be the action of V on the space of uniformly continuous bounded mappings from V to A, C 0 u (V, A), by translation. With a convenient partition of unity {ϕ w } for V × V , Rieffel shows that the oscillating integrals
are well-defined [12, Proposition 1.6]. Here F is in the space of smooth vectors of the canonical
is a noncommutative associative product for A ∞ , called the deformed product (determined by α and Θ), see [12, Remark A.2 Note that the construction so far can be carried through also for a Hausdorff complete locally convex topological algebra not necessarily Fréchet.
A.2 C * -Algebras
Let A be a C * -algebra. In order to define a C * -norm for the deformed algebra (A ∞ , ⋆), one considers the space of all functions in C 0 u (V, A) ∞ such that the product of their derivatives with any polynomial on V are bounded which will be denoted by S A (V ). On S A (V ), an A-valued inner product is defined by
As in the case of Hilbert spaces, a corresponding norm for S A (V ) is defined by:
Since C 0 u (V, A) ∞ carries the action τ of V and is itself a Fréchet algebra, we obtain a deformed product ⋆ for C 0 u (V, A) ∞ . Furthermore, let L be the action of C 0 u (V, A) ∞ on S A (V ) given by this deformed product
Rieffel shows, that the operator L f : S A (V ) −→ S A (V ) is bounded and adjointable for f ∈ S A (V ), see [12, Corollary 4.4] . Further, he proves that this result also holds for the case F ∈ C 0 u (V, A) ∞ , see [12, Theorem 4.6] .
Let α be again an isometric strongly continuous action of V on the C * -algebra A. For any a ∈ A, we define a function φ(a) by
Since α is isometric it turns out that φ(a) ∈ C 0 u (V, A) . The map a → φ(a) constitutes a *homomorphism from A into C 0 u (V, A) , which is equivariant with respect to the actions α on A and τ on C 0 u (V, A). Thus it carries smooth vectors to smooth vectors, i.e. A ∞ into C 0 u (V, A) ∞ , and is a homomorphism for their deformed products [12, Proposition 2.10] . Therefore, each a ∈ A ∞ determines a bounded operator on S A (V ) which will be denoted by L φ(a) . Thus we can define a norm on A ∞ by a Θ = L φ(a) . (A.8)
As the adjointable operators on a Hilbert module over a C * -algebra form again a C * -algebra [9, p. 8] , it is obvious that the defined norm . Θ satisfies the C * -conditions. Thus the completion of (A ∞ , ⋆, . Θ ) is indeed a C * -algebra. We shall refer to this C * -topology as the deformed topology.
A.3 Pro-C * -Algebras
We shall now extend Rieffel's construction to the case of pro-C * -algebras. Let A = lim ← − A λ be a pro-C * -algebra, i.e. the inverse limit of an inverse system of C * -algebras A λ in the category of topological * -algebras, see e.g. [10, 11 ]. An inverse system of C * -algebras consists of a directed set Λ, a C * -algebra A λ for each λ ∈ Λ, and * -homomorphisms π λ,ρ : A λ −→ A ρ for λ ≥ ρ, satisfying the following conditions: π λ,λ = id A λ and π ρ,µ • π λ,ρ = π λ,µ for λ ≥ ρ ≥ µ.
(A.9)
The inverse limit of the system (A λ , π λ,ρ ) in the category of topological * -algebras is a topological * -algebra A together with * -homomorphisms κ λ : A −→ A λ , such that π λ,µ • κ λ = κ µ and satisfying the usual universal property as in [11] . An element a ∈ A can be identified with a coherent sequence (a λ ) ∈ λ∈Λ A λ satisfying π λ,µ a λ = a µ . The topology of A is determined by the set of all continuous C * -seminorms on A denoted by S(A), see [11, Proposition 1.1.1]. S(A) is obviously a directed set by q ′ ≥ q iff q ′ (a) ≥ q(a) for all a ∈ A. Defining A q = A/ ker q for q ∈ S(A) one has by [11, Proposition 1.
An important example for a pro-C * -algebra we use in Section 3 is the algebra of continuous functions C 0 (N ) over a manifold N . It is the inverse limit of the inverse system of the C * -algebras
The compact sets are ordered by L ′ ≥ L iff L ′ ⊇ L. The mappings π L ′ ,L : C 0 (L ′ ) −→ C 0 (L) for L ⊆ L ′ are given by
where i * L is pull-back to L. The mappings κ L : C 0 (N ) −→ C 0 (L) are given by
For a strongly continuous action α of V on a pro-C * -algebra A we introduce the following definition:
The action α is called cofinally isometric if there exists a cofinal subset Λ ⊆ S(A) such that for all q ∈ Λ, all a ∈ A, and all v ∈ V we have q(α v (a)) = q(a).
(A.11)
Given such a cofinally isometric and strongly continuous action α on A, we obtain a deformed product ⋆ on the smooth vectors A ∞ by the general results of Section A.1. Now we want to define corresponding C * -seminorms for (A ∞ , ⋆) such that the completion with respect to these seminorms gives again a pro-C * -algebra.
We can proceed analogously to the case of C * -algebras up to the definition of the deformed norm as in (A.8). Here we have to be more specific.
Recall that a Hilbert module E over a pro-C * -algebra A is defined analogously to the C *algebraic case, see [10] , where completeness is now understood with respect to the seminorms ξ q = q( ξ, ξ ) defines a C * -seminorm for B(E) for each q ∈ S(A). The pro-C * -topology induced by these seminorms coincides with the one in [10] . Using this pro-C * -topology for B(S A (V )) we can define the pro-C * -seminorms a Θ,q = L φ(a) q (A.13)
for a ∈ (A ∞ , ⋆). The completion of (A ∞ , ⋆) with respect to this deformed pro-C * -topology completes the construction.
Proposition A.4 For a pro-C * -algebra A endowed with a strongly continuous and cofinally isometric action α of V the deformed algebra (A ∞ , ⋆) of smooth vectors carries a system of C * -seminorms defined by (A.13). The completion with respect to these seminorms yields a pro-C * -algebra deforming A.
We conclude with a last remark on the functoriality of the construction: Let A and B be pro-C * -algebras and Ψ : A −→ B be a continuous * -homomorphism. Suppose that A and B are equipped with strongly continuous and cofinally isometric actions of V such that Ψ is equivariant.
Proposition A.5 With the assumptions from above Ψ : (A ∞ , ⋆) −→ (B ∞ , ⋆) is a continuous * -homomorphism with respect to the deformed pro-C * -topologies.
Proof: First, one shows that κ p : A −→ A p induces a * -homomorphism κ p : A ∞ −→ A ∞ p which turns out to be continuous with respect to the deformed (pro-) C * -topologies. In fact, for a ∈ A ∞ we have κ p (a) Θ = a Θ,p by a straightforward computation. This implies that the projective limit of the deformations (A ∞ p , ⋆ p , . Θ ) is isomorphic to the deformation (A ∞ , ⋆, { . Θ,p } p∈S(A) ) of the projective limit A. Clearly, the same is true for B. Second, since Ψ is continuous with respect to the undeformed pro-C * -topologies, we find for each q ∈ S(B) a p ∈ S(A) such that q(Ψ(a)) = p(a) for all a ∈ A. This implies that for these q, p we obtain a * -homomorphism Ψ p,q : A p −→ B q with respect to the undeformed C * -topologies. Since Ψ is equivariant, it gives a continuous * -homomorphism Ψ p,q : A ∞ p −→ B ∞ q with respect to the deformed C * -topologies according to [12, Theorem 5.7 ]. Thus we have continuous * -homomorphisms Ψ q = Ψ p,q • κ p = κ q • Ψ : A ∞ −→ B ∞ q which, by the universal property of projective limits, after completion combine to a continuous * -homomorphism between the deformed pro-C * -algebras. Clearly, on A ∞ it coincides with Ψ.
